Introduction
Many consumer products involve the design and fabrication of injection molded thermoplastic parts. To reduce time to market, it is necessary to reduce the time required to test molded part designs, as well as mold designs. Rapid tooling, which uses a rapid prototyping ͑RP͒ technique to fabricate tools or patterns, can reduce tooling cost and time especially when only small numbers of parts are needed ͓1͔. By using rapid tooling, delivering prototype parts with turn-around times of less than two weeks becomes feasible. However, achieving the goal requires fast, proven mold design methods.
Mainly from the geometric perspective, we develop a systematic approach and a related system to automate several important mold design steps, including selection of parting directions, parting lines, parting surfaces, and construction of mold pieces. We divide the mold design process into three phases as shown in Fig.  1 . Our approaches for the first two phases, region generation and combination, are presented in ͓2͔. In this paper, we present an approach for constructing mold pieces based on the mold configurations generated in Phase 2. Our approach is presented in the general context of designing configurations of mold cavity plates, side actions, and form pins, those parts of the mold that form the molded part shape. We have applied our methods primarily to the design of mold inserts that are fabricated using stereolithography. The general term ''mold piece'' is used to describe cavity plates, inserts, or other parts of the mold used to form the part shape. We will refer to the collection of all of these ''mold pieces'' as the ''mold cavity;'' hence the main challenge being addressed in this paper is how to decompose the mold cavity into a collection of two or more mold pieces.
After the region combination process, several mold piece regions are generated with their parting directions ͑PD͒ and parting lines ( PLs) . We use an example that is shown in Fig. 2 to illustrate the region combination results. For a simple part with a through hole and two grooves, three mold piece regions (R 1 ϳR 3 ) are generated in Phase 2, whose faces are marked by magenta, yellow, and blue ͑medium, light, dark shading͒, respectively ͑Fig. 2͑a͒͒. This is the fewest number of mold piece regions possible to ensure the mold can be disassembled and the part ejected. Since the regions cannot be combined further, they are called mold piece regions and each of them corresponds to a mold piece (M 1 ϳM 3 ). In the combination process, a feasible parting direction (PD 1 ϳPD 3 ) is recorded for each region. That is, along the parting direction of region R i , the mold piece M i can be translated from the injection molded part without any interference. In the combining process, we also record the parting lines of each region ( PL i ), which are the non-intersecting closed continuous loops defined by edges along the boundary of the region ͑refer to Fig. 2͑b͒͒ . If a mold cavity (M C) related to the part is given, we can construct mold pieces as shown in Fig. 2͑c͒ for the mold piece regions.
So the problem considered in this paper is defined as follows. Problem MPC: Mold Piece Construction. A solid polyhedral part P and a mold cavity M C are given. Suppose regions R i (F,E,D) (1рiрk) are also given, where 1. F consists of a set of connected faces of P that belong to region R i ; 2. E is the boundary edges of the faces in F, representing the parting line of region R i ; 3. D is a direction which makes an angle of at most 90 deg with the outward normals of all faces in F; Generate bodies M 1 ϳM k such that: ͑a͒ After M 1 ϳM k are assembled together, they form M C with a cavity P inside. That is, M CϪ PϭM 1 ഫM 2 ഫ . . . ഫM k , where Ϫ and ഫ are the Boolean operators, subtraction and union, respectively. ͑b͒ Faces of R i are formed and only formed by M i in the injection process. ͑c͒ M i can be disassembled in direction PD i without interference with other mold pieces. The remainder of this paper has been organized in the following manner. In Section 2, we review the related work in the automated construction of mold pieces. Both academic and industrial approaches are investigated. In Section 3, the principles and representations related to mold piece construction and the reverse glue
Review of Related Work
Considerable work has been performed in the injection mold design area. Recently, work has focused on automated methods for multi-piece mold design ͓3͔ and improved methods for parting line and surface generation. In the latter area, Majhi et al. ͓4͔ presented a parting line generating approach for a convex polyhedron. The authors identified two flatness criteria and generated a parting line that is as ''flat'' as possible. However, for a given parting line, we did not find literature discussing generating ''flattest'' parting face to form mold pieces. Currently two approaches are proposed for automatically splitting the mold core and cavity. They are the approach based on extending parting lines and that based on sweeping.
Approach Based on Extending Parting Lines.
A mold cavity can be cut into two pieces by a parting surface. For parting lines not in a plane, Tan et al. ͓5͔ presented a parting surface generation method. After getting the parting lines for a given parting direction, an outer loop and inner loops are generated. A convex hull algorithm is applied to the outer loop. Each edge of the hull is projected to an adjacent side face of the mold cavity. The projection direction is perpendicular to the parting direction but parallel to the surface normal of the side face of the mold cavity. All planar faces generated by projecting hull edges can form a parting surface for the part. For each inner loop, triangular facets are created within the loop. Shin and Lee ͓6͔, Serrar ͓7͔, and Nee et al. ͓8͔ used a similar approach to form the parting surface to split mold cavity into two halves. More recently, Priyadarshi and Transactions of the ASME Gupta ͓9͔ adapted Tan's approach to create parting surface for an outer loop while used a surfacing method, called covering, to fit a surface over the inner loops. This approach is quite straightforward. Extending the given parting lines outward into faces splits the mold cavity into two mold pieces. However, two problems are identified.
͑1͒ For non-flat parting lines, the parting surface generated by this approach is also not flat. This is not accordance with the best practice of mold design, that is, the parting surface should be planar to decrease manufacturing complexity and to increase the shut-off force to reduce material flash ͓10͔. For example, for the part in Fig. 3͑a͒ one mold piece generated by the above approach is shown in Fig. 3͑b͒ , and the mold piece generated by our algorithm is in Fig. 3͑c͒ . Parting faces are shown in red ͑shaded͒. Compared with Fig.  3͑b͒ , the mold piece in Fig. 3͑c͒ is less expensive to fabricate. Furthermore, less material flash is expected in molded parts because the parting surface has better accuracy and surface finish. This is very important in rapid tooling since mold pieces fabricated by layered manufacturing methods will have rough surface finish for near-flat faces. ͑2͒ Two different algorithms ͑extending parting lines and triangulation/covering͒ based on different principles were developed individually in the literature to handle the outer loop and inner loops of parting lines, respectively. In comparison, the approach presented in this paper can handle both outer and inner parting lines using the same approach.
Approach Based on Sweeping.
Conceptually removing an injection molded part from a mold in the parting direction is similar to sweeping part faces in the same parting direction. Hui and Tan ͓11͔ described an algorithm using sweep operations and Boolean operations to generate a mold core and cavity. First, sweeping the part in the parting direction generates a solid. Then, using two mold plates to subtract each end of the solid, two mold pieces are generated. The algorithm does not consider internal parting lines. So for a shape with a through hole, the algorithm will not generate the mold pieces correctly. Urabe and Wright ͓12͔ also present a mold construction method based on the sweeping of faces into bodies. Then they are united with plates and mold walls to form core and cavity pieces. The sweeping operations and Boolean operations ͑unite͒ are time consuming and can have robustness problems.
Industrial Approaches.
Currently several commercial mold design software systems can automatically split mold core and cavity for a part. We investigated five leading systems as listed below.
͑1͒ MoldWizard: From Unigraphics ͓13͔, this is a highly automated product that incorporates some industry best practices to guide users through the steps required to construct a mold. Based on user's input, the main steps for constructing core and cavity for an industrial part include the following. First, parting lines for the given part are identified by the designer. Then for each parting edge, a sweeping direction is specified and a parting surface is generated. These parting surfaces together with other generated from inner loops cut the mold cavity into two mold pieces. can separate core and cavity with sliders and inserts ͓15͔. ͑4͒ Magics RP: Materialise developed a rapid tooling module for this system ͓16͔, which automates the design of the insert tool, based on the STL file of a part. ͑5͒ IMOLD: This is a supplementary program for Unigraphics and SolidWorks ͓17͔. It has a module, Core/Cavity Builder, to handle the parting of cores and cavities for both solid and surface product models. The approach to generation of parting surfaces used in IMOLD was presented in ͓18͔, which is based on extending parting lines. For other systems, we did not find published works on their splitting approaches. However, we believe all systems use the approach based on extending parting lines.
Mold Construction Principle and Related Representations
The basic idea in our mold construction approach is to separate the mold cavity into pieces at parting lines by generating parting faces that are parallel or perpendicular to the parting direction and such that the resulting parting surfaces are as flat as possible. The main challenges are to identify parting lines that lead to the best set of parting faces and to generate those parting faces. After generating parting lines and faces, mold pieces are constructed by a new ''reverse glue'' operation that is an application of boundary representation Euler operations, rather than the more complex and time consuming sweep and Boolean operations used by others. To avoid non-planar parting surfaces ͑e.g., the mold piece in Fig. 3͑b͒ , parting faces with normals perpendicular to PD are generated, forming ''shutoffs'' in the mold. Shut-offs are pairs of vertical mold faces that meet to ''shut off'' the flow of polymer during molding ͓19͔. Shut-off faces are generated by projecting edges in parting lines onto a parting surface, then constructing faces from the edges and their projections. This is discussed further in Sections 4 and 5. Gluing operations are commonly used in Boolean operations to ''glue'' part boundaries into a single solid boundary. Central to a glue operation is a global topological Euler operation, k f mrh ͑kill face, make ring, hole͒ ͓20͔. A glue operation consists of three steps: 1͒ merge two half-edge data structures into one data structure that has two shells, 2͒ join the shells by applying the k f mrh operation, and 3͒ merge coincident edges and vertices that result from k f mrh.
Step 3 is implemented as a collection of low level Euler operations.
By reversing the steps in the gluing operation, a solid can be separated into multiple pieces, necessary for mold construction. The steps of the Reverse Glue operation are: 1͒ copy and separate edges and vertices that comprise parting lines, 2͒ generate separate shells using Euler operation m f krh ͑make face, kill ring, hole͒, and 3͒ generate separate solids.
Step 1 involves swapping partner coedges and low level Euler operations.
Since M C and P are known while (M 1 on M 2 ) and (M 2 on M 1 ) are unknown, Problem MPC is transformed into a parting face generation problem, which is discussed in the next section. Fig. 5͒ and a parting line on the mold cavity ͑loops a͒. Inside parting faces ͑Inside PF͒ relate to the holes in the injection molded part. Their boundaries are the inner parting loops of the part ͑loops c͒. For any region, there is one and only one outer parting loop, with zero or more inner parting loops. We will use the term ''parting loop'' to denote parting lines and loops to emphasize that they are loops of edges in the solid model. By definition, Fig. 5 shows that parting loops and faces are shared, in part, by the mold pieces. For example, the vertical part of loop PL 3a overlaps PL 1a ; the remaining part of PL 1a overlaps PL 2a . Generalizing, we can write:
In Eq. ͑1͒, we assume a b(F MCគM Pi ) and can generate easily faces F RegionគM Pi since they are determined by part region R i . b(F RegionគM Pi ) can be generated easily ͑e.g., PL 1 ϳ PL 3 in Fig. 5͒ since an edge belongs to b(F RegionគM Pi ) if its two neighboring faces F N1 and F N2 satisfy F N1 F RegionគM Pi and F N2 F RegionគM Pi . Hence, the boundary of F Outsideគ PartingគM Pi and F Insideគ PartingគM Pi can be generated from Eq. ͑1͒. Therefore, we are trying to generate a face set based on its boundary edges in the parting face generation process ͑that is, loops PL i ⇒faces F PartingគMi in Fig. 5͒ . Hence, the problem is a geometric reconstruction problem with an infinite number of solutions.
The approach to generating parting faces involves two main ideas. First, candidate parting planes are generated and tested. Since parting loop edges are projected onto these planes, we call them ''projection planes.'' Shut-off faces ͑normals perpendicular to PD͒ are generated by sweeping a parting loop edge onto a projection plane ( PP) by the operation: f e ϭsweep(e,PD, PP), where e(V 1 ,V 2 ) is an edge of the loop and f e is the generated parting face. Suppose the projected vertices of V 1 and V 2 into PP
zontal parting faces ͑normals parallel to PD͒ are generated by tessellating polygons that are defined by portions of parting loops in PP and the projected edges from the sweep͑ ͒ operations. An additional assumption is that PD is along the part's Z axis.
Given this approach, specific parting face generation criteria for Problem MPC can be presented.
Generation Criteria.
The three criteria we identify are given as follows.
Criterion 1: Disassemblable in direction PD i . To disassemble mold piece M i in PD i , all the faces of M i should be able to be swept in the parting direction PD i without interference with other faces. Consequently, each generated parting face F PartingគMi should satisfy: normal (F PartingគMi )•PD i у0, where • is the vector dot product.
Criterion 2: Flatness of parting faces. It is desired to have a planar parting surface to decrease manufacturing complexity and to increase the shut-off force in the injection molding process for less material flash. One way to measure the flatness of parting faces is based on the sum of face areas: (F)ϭ͚ iϭ1 k area (F i 
However, the minimum sum of parting face areas cannot be calculated during parting face generation, since these faces are unknown. Instead, we use three heuristics that are listed below based on their priorities ͑from high to low͒.
1. Make as many parting faces parallel or perpendicular to parting direction (PD i ) as possible. Flat parting surfaces are generally easier to fabricate. The best surface finishes on parts made by RP machines are achieved when the surface is horizontal or vertical in the machine ͓21͔. Additionally, flat parting surfaces help minimize flash during molding. 2. Generate the smallest number of parting faces. Our approach is to find the smallest number of projection planes in the sweeping process. With fewer projection planes used, parting faces will have a smaller number of faces, and generally look ''flatter.'' 3. Use a projection plane that contains as much of the parting loop as possible and that minimizes the total projection distance of the edges in the parting loop.
Criterion 3: Maintain a minimum strength of mold pieces. Theoretically only one projection plane is sufficient for criteria 1 and 2. However, this may lead to some mold pieces that are theoretically correct but infeasible to fabricate. For example, it is possible to form narrow ''slivers'' in the mold when projecting parting loop edges. To identify and prevent such situations, we determine the projection range of each parting edge, then classify these edges and ranges. Alternative parting planes can be evaluated based on the classifications. This is presented next.
Projection Ranges.
A part P with two regions R 1 and R 2 is shown in Fig. 6͑a͒ . The parting loop related to the two regions has a parting edge E 1 . Suppose only one projection plane Plane 1 is used. The parting face related to E 1 will be F Parting1 . The generated mold piece M 1 will have two small features, which are easily broken ͑Fig. 6͑b͒͒. In some extreme cases, e.g., if the normal of F 1 is perpendicular to PD 1 , mold pieces cannot be fabricated since F Parting1 overlaps with F 1 .
Suppose parting direction PD is along the Z axis. In our approach, a projection range PR͓Z 1 ,Z 2 ͔ is defined as the range of Z coordinates of projection planes onto which a parting edge can be projected without passing through the part. A projection range is computed for each parting edge.
The projection range of a parting edge is calculated based on the position of its two neighboring faces. Each edge of a solid body has two coedges CE 1 and CE 2 ͓20͔. Suppose two neighboring faces F 1 and F 2 with normals n 1 and n 2 belong to regions R 1 and R 2 , respectively ͑Fig. 7͑a͒͒. They define a parting edge E Parting whose maximum and minimum Z values are Z max E and Z min E . Consequently, projection ranges can be computed for each parting loop related to region R i and PD i . For example, for the parting loop shown in Fig. 8͑a͒ , the projection ranges are all Down Ranges (Ϫϱ,Z E ͔ ͑part from Fig. 3͒ . In comparison, the projection ranges of the parting loop PL 2 shown in Fig. 8͑b͒ are all Up Ranges ͓Z max E ,ϩϱ), for the part from Fig. 5 .
The edge loop b(F M old cavityគM Pi ) in Eq. ͑1͒ is unspecified in Problem MPC. In the beginning of the process, we use a temporary loop defined by the intersection of the mold cavity with a Z plane which contains the most vertices of the outer parting loop of b(F RegionគM Pi ). The selection of the beginning loop will not affect the results of generated parting faces ͑refer to Example 5.1͒. Based on the criteria, we define the Parting Face Generation problem for Problem MPC as follows.
Problem PFG: Parting Face Generation. Suppose a projection direction PD and several closed parting loops ( PL i ) are given with their projection ranges. Generate faces F 1 ϳF m such that: a. The edge loops PL i are the boundaries of face set
c. Suppose faces ͕F k ͖ are the faces whose normals are in direction PD. The number of projection planes which contain ͕F k ͖ is minimum ͑criterion 2͒; d. Suppose ͕F n ͖ are the faces whose normals are perpendicular to direction PD and are generated by sweep(e n ,PD, PP). The projection plane PP is within the projection range of all e n ͑criterion 3͒. Our method for Problem PFG is presented next.
Parting Face Generation Method
Three types of edges may exist in an edge loop: part edges, mold cavity edges, and insert edges. Part edges come from the region faces of the injection molded part. Their projection ranges are defined in Section 4. Mold cavity edges come from the intersection of the mold cavity with parting faces. Insert edges are added during the parting face generation process. The projection ranges of mold cavity edges and insert edges are Both Ranges.
Parting Face Algorithm.
For each parting loop PL ͑ex-cept PL 0 ϭthe parting loop in the outside surface of the mold cavity ͑loops a in Fig. 5͒͒ and related projection ranges, the basic steps of the parting face generation process include: identify a parting plane based on the projection ranges of all unprocessed edges; sweep edges into the plane to generate shut-off faces; add insert edges in PP to form 2D polygons; triangulate 2D polygons; form new edge loops from unprocessed edges and new edges defined by the generated parting faces. This process can be stated more formally as:
Algorithm: PartingគFaceគGeneration Input: One parting loop PL, Projection Ranges PR for each edge in PL. Transactions of the ASME polygon(s) 25. delete edges in elist which form a pair of coedges // they are already correct in topology.
To find a projection plane in Step 6, a three step process is used. First, all overlaps are determined among the projection ranges of edges in a parting loop, effectively partitioning the edges. Second, the partition that contains the maximum number of edges is selected. This corresponds to heuristic 3 of Criterion 2 from Section 4.2. Third, a specific projection plane is selected that minimizes the total swept face area of edges in the selected partition. Assume the edges in the selected partition are E i (1рiрk). The two vertices that bound edge
The Z coordinate of the best parting plane ( PP) can be computed as:
Steps 17-21 require explanation. Each edge has an attribute Projectable that is updated to identify if it can be projected into the selected projection plane. If all projectable edges do not form a polygon, insert edges must be added to connect the projectable edges at their dangling vertices. Suppose e i is a projectable edge while e iϩ1 is a non-projectable edge. Vertex V i is their common ͑dangling͒ vertex. Our approach to find an insert edge e in is given as follows. First, create half lines l i from V i to infinity, where l i bisects the angle formed by e i and e iϩ1 and l i passes through the mold material ͑i.e., l i is on the material side of e i and e iϩ1 ). Check the intersection of the l i with all edges in PL and PL 0 . Suppose e m is the edge with the closest intersection vertex V em . Then, ͑1͒ if e m is projectable, split e m into two edges (e m1 ,e m2 ) by V em , and generate an insert edge e in (V i ,V em ) if V i is the end vertex of e i , or e in (V em ,V i ) if V i is the start vertex of e i ; ͑2͒ if e m is not projectable, iterate e mϩ j ( jϭ1,2, . . . ) until the next pro- jectable edge is found, compute a feasible intersection vertex if possible, and generate an insert edge e in . The coedge of e in is also added to the unprocessed edge loops. The two split edges, e m1 and e m2 , are classified as e mគin and e mគout such that e mគin is in the same direction as L p , while e mគout is in the opposite direction.
The examples in this section should clarify this presentation. After closed edge loops are formed with all their projectable edges, parting faces in the projection plane can be generated by triangulating the 2-D polygons formed by the closed edge loops. This topic has been studied extensively ͑e.g., see ͓22-24͔͒.
The computational complexity of algorithm PartingគFaceគGeneration will be analyzed briefly. Assume that there are n pe edges in all parting loops. Then, the complexity of the algorithm is O(n pe 2 ) in the worst case. This can be realized by estimating the number of times each of the three nested loops will execute. Note that the number of parting loop edges, n pe , is typically much less than the number of edges in the part. The number of dangling vertices is related to the number of loops formed in the previous step which, again, is much smaller than n pe .
Algorithm PartingគFaceគGeneration satisfies the three criteria presented in Section 4.2. The first criterion ͑disassemblable in PD i ) is ensured due to the treatment of projection ranges. The second criterion ͑flatness of parting faces͒ has three sub-parts. First, only parting faces are added that are parallel or perpendicular to PD i . Second, the number of projection planes is minimized ͑although we cannot claim a global minimum͒ in part by selecting planes that contain as much of the parting loop as possible. Third, the final selection of parting planes is based on minimizing projection distances. The third criterion ͑maintain minimum strength͒ is ensured by enforcing a minimum angle, ␥ s , between part faces and projected faces during the determination of projection ranges.
Both outside and inside parting faces can be generated via the above process. We use two examples to illustrate these basic steps.
Example 1: Outside Parting Faces With Insert Edges.
A molded part with two regions (R 1 and R 2 ) is shown in Fig. 9͑a͒ . The related parting loop is CPL [1] [2] , and the edge loop in the mold cavity is CPL 1-1 ͑Fig. 9͑b͒͒. Edges E 3 and E 7 of CPL [1] [2] are Null Ranges while all other edges are Up Ranges. The projection ranges of CPL 1-2 are shown in Fig. 9͑c͒ .
During the first iteration through the while loop ͑Step 3͒, the projection plane Z 2 is selected based on the projection ranges. By sweeping the edges of CPL 1គ2 , four parting faces F 1 ϳF 4 are generated ͑Fig. 10͑a͒͒. In the projected edge loop in plane Z 2 , edge E 8 Ј is projectable, while E 7 Ј is not projectable. Therefore an insert edge is added ͑extension of E 8 Ј). Similarly, additional insert edges are added for edges E 2 Ј , E 4 Ј , E 6 Ј and E 8 Ј ͑Fig. 10͑b͒͒. Two polygons (F 5 ,F 6 ) are formed in plane Z 2 , which are then trian- Transactions of the ASME gulated. Eight edges of the boundary of face set (F 1 ϳF 6 ) are added to the unprocessed edge loops ͑Fig. 10͑c͒͒. Now the unprocessed edge loops are CPL 2គ1 and CPL 2គ2 . Edge loops CPL 2គ1 and CPL 2គ2 are processed during the second iteration of the while loop. Based on projection ranges ͑Fig. 11͑a͒͒, plane Z 1 is selected as the projection plane. Parting faces F 7 ϳF 10 are generated in the projection process, while F 11 and F 12 are formed by edge loops, then triangulated ͑Fig. 11͑b͒͒.
After all the edges are processed, the generated parting faces (F 1 ϳF 12 ) form two closed edge loops CPL MC and CPL 1គ2 ͑Fig. 12͒. Loop CPL MC is different from CPL 1គ1 which is initially set as the mold cavity loop. Based on CPL MC , we can split the mold cavity into two face sets and generate two mold pieces M 1 and M 2 ͑Fig. 13͒ related to the parting faces.
Example 2: Inside Parting Faces With Different
Projection Planes. A second molded part is shown in Fig.  14͑a͒ . In this example, we will focus only on the inside parting faces. Related to regions R 1 and R 2 , an inner parting loop is CPL 1គ3 ͑Fig. 14͑b͒͒. Its projection ranges are also shown in the figure. Edges E 1 ϳE 3 have Up Ranges, edges E 4 and E 8 have Limited Ranges, and Edges E 5 ϳE 7 have Down Ranges.
Based on our process, the projection range of CPL 1គ3 is (Z 1 ,Z 2 ), and the selected projection plane is Z 1 plane since it contains more edges in CPL 1គ3 . Sweeping the edges of CPL 1គ3 into Z 1 generates parting faces F 1 ϳF 3 ͑Fig. 15͑a͒͒. All the projected edges are projectable. They define a polygon that forms face F 4 ͑Fig. 15͑b͒͒. Related to the parting faces, two mold pieces M 1 and M 2 are generated as shown in Fig. 16 .
Instead of plane Z 1 , we could have used plane Z 2 in the above process. However the total area of the generated parting faces will be larger.
Mold Piece Construction Algorithms
Each region specified in a molded part is related to one mold piece. The order in which the regions are processed, and mold pieces are generated, affects the geometries of resulting molds. We utilize two heuristics to order regions, based on industry best practice ͓19͔: ͑1͒ generate mold pieces for regions with parting directions along the main parting direction first ͓2͔; ͑2͒ generate mold pieces for regions with larger volumes ͑calculate by bounding box͒ first. Accordingly, regions are rank ordered as R 1 , R 2 , . . . ,R nϪ1 . The overall mold piece construction algorithm is given below. Its complexity is linear in the number of regions.
Algorithm: MultiគMoldគPieceគGeneration Input: Part P with Regions R i (1рiрn) in direction PD i , and mold cavity M CϭM Ϫ P.
Output: Set of mold pieces M i (1рiрn).
Ј ←copyគreverseគfaces (F Parting ); // faces in same position but reverse directions; 11. use PL MC to split the mold cavity into face sets F up and F down ; 12. set FЈ(R 1 )←copyគreverseគfaces (R i ); // faces in same position but reverse directions; 13. set FЈ(R 2 )←copyគreverseគfaces (R k ) (kϭiϩ1, . . . ,n); 14. generate M 1 ←reverseគglue (F Parting ,F up ,FЈ(R 1 )); Transactions of the ASME
Parting face generation in Steps ͑6͒ and ͑8͒ was discussed in detail in Sections 4 and 5. Algorithm PartingគFaceគGeneration is invoked in each Step. For Step ͑11͒, we utilize the approach of ͓25͔ based on retriangulation to split any surface by a closed edge loop in the surface. Face set F up contains faces that are ''above'' PL MC ͑larger Z coordinate values͒, while F down contains faces that are below PL MC . In Steps ͑14͒ and ͑15͒, mold piece solid bodies are generated based on the reverse glue operation that was introduced in Section 3. The steps of the reverse glue operation can be presented more precisely, given all necessary face sets, for a single mold piece (M 1 ):
1. Create a new body M 1 and add faces F Parting , F up , and FЈ(R 1 ) to M 1 ; 2. Identify all common edges of F Parting and F up ; swap their partner coedges to seal the common edges; 3. Identify all common edges of F Parting and FЈ(R 1 ); swap their partner coedges to seal the common edges.
As can be seen, our algorithms are very efficient. The computational complexity of algorithm TwoគMoldគPieceគGeneration is O(n pe 2 ϩn e *n pe )ϭO(n e *n pe ) ͑since n e ӷn pe ), where n e is the number of edges in the part. As noted, our algorithms do not rely on Boolean or face sweeping operations. Additional analysis and results are presented in ͓26͔.
Discussion: Edges With Null Range and Approach Based on Extending Parting Lines. Among the five types of projection ranges, a special case of Null Range needs further discussion. Part P in Fig. 17 has six vertices (V 1 ϳV 6 ) and parting edges E 1 ϳE 4 based on direction Z. Suppose the parting edges are all Null Ranges; hence, no projection plane Z can be identified.
The approach presented in Section 5 to identify a projection plane from projection ranges can be extended. If the current projection ranges are null, take the first edge E 1 in the loop. Suppose vector CE 1 ϭV 2 ϪV 1 , then S 1 ϭCE 1 ϫZ, N 1 ϭS 1 ϫCE 1 , where ϫ is the cross product. See Fig. 17 . Therefore a plane P 1 , which passes through E 1 and has normal N 1 , can be used as the projection plane in the following steps in Section 5.
Note that when ZV 1 ϭZV 2 , N 1 is actually the same as Z. Therefore P 1 is a Z plane. Also, using projection planes with (CE i ÃZ)ϫCE i as coedge normals is actually the approach based on extending parting lines ͓8͔. Therefore the approach based on extending parting lines is a special case in our approach that only handles edges with null projection ranges.
Implementation and Tested Cases
We implemented the algorithms in an experimental system ͑Rapid Tooling Mold Design System͒ with Microsoft Visual Cϩϩ6.0. The system was based on ACIS6.2, a 3D geometric modeler provided by Spatial Technology, Inc. We extended the system to enable the algorithms to directly manipulate triangles. Therefore, the inputs and outputs of the system can be STL files. Several initial steps of the system were described in ͓2͔. We used our implementation to design molds to fabricate prototype injection molded parts of different complexity. In addition to the test cases shown in Figs. 5, 10 , and 15, we tested several industrial parts by generating molds automatically using our system ͑Fig. 18͒. Among the tested parts, cases ͑a͒ϳ͑c͒ are examples of two mold pieces with only one projection plane required; case ͑d͒ is an example which requires two projection planes; case ͑e͒ is an example with a complicated inner parting loop; and case ͑f͒ is an example of the multi-piece mold design with three regions. For each part, the part with regions highlighted, the given mold cavity, and the generated mold pieces are shown. The running time of our system for all cases was very satisfactory. None of them took more than 45 seconds on a PC with a 700 MHz Pentium III processor.
In addition, we tested our mold design results using the direct AIM tooling technique for the part shown in Fig. 18͑f͒ . The mold pieces were built in a SLA-3500 machine. The Stereolithography mold inserts were then installed in an injection molding machine to produce functional prototypes. A photo of the mold and molded prototypes is shown in Fig. 19. 
Conclusions
In this paper we presented a novel method for the automated construction of multi-piece molds based on parting face generation and the reverse glue operation. Our method is general for both inner and outer parting loops, and two-piece and multi-piece mold constructions. The method utilizes planar parting surfaces, but can generate non-planar parting surfaces if necessitated by part geometry. We have demonstrated the mold construction method on molds to be fabricated by RP technologies, although it can also be applied to conventional machined molds.
The generation of parting faces is a geometric reconstruction problem, which is defined as Problem PFG in this paper. Different parting faces will lead to different mold piece designs. We proposed three criteria for parting face generation, which include disassemblability ͑undercut-free͒, flatness, and mold strength. Related to the criteria, a new representation, projection range, was proposed and incorporated into the new parting face generation algorithm. Multiple-piece mold and two-piece mold construction algorithms were presented that utilized the parting face generation algorithm and the reverse glue operation. Complexity analysis showed that the algorithms were quadratic in the number of part edges in the worst case. Also, the operations are not time consuming, in contrast to operations used in other mold construction approaches that utilize Boolean or face sweeping operations.
We implemented the algorithms in an experimental system and tested parts of various complexity. Based on our test results, we believe our mold construction algorithms are very efficient. The test cases executed quickly ͑in under 45 seconds͒ even for complex parts. The system provides users with instantaneous visual feedback on the mold design results, which is very important for design-for-manufacturing. The results also validate the efficacy and robustness of our approach.
Some limitations of our approach should be highlighted. First, our methods require faceted part models. Second, only a local disassemblability evaluation is performed when generating parting faces ͑see ͓3͔ for a global disassemblability method͒. Third, we have limited heuristics for generating mold designs that conform to industry best practice. Each of these limitations will be addressed in future work. 
